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i. INTRCGDUCTION

In this report we give finite difference approximatlonsg
to the differentlial equations for the following problems:

(1) the bending of & variable-thickness truncated right coni-
cal shell attached to an axially and sectionally symmetric
base plate of varlable thickness, (2) the bending of two
Joined variable-thickness truncated right conical shells.

In case (1) shove, the terms arising from consideration
of the transverse deflection of the base caused by radial load-
ing have been included. As a consequence the finlte differ-
ence equatlons are non-linear. For solutions of these equa-
tions we suggest an lterative sheme combined with a direct
method based on the factorizatlion theorem for square matrices.
In case (2), the finlte difference equations are linear and

procedures for solution are strailghtforward.

Ii. DIFFERENTIAL EQUATIONS

The differential equations for the conical shells are
derived in TR 1-21 [1]% and are repeated below for convenlence.
Coordinate system, geometry, and variables are shown in Fig, 1.
The differential equatione are glven in terms of the varliables
S and 6 where Svis related to the force per unit length &ﬁ
{see PFig. 2) by:

¥ Numbere in sguere brackets refer to biblicgraphy on Page 29,

07"

€T YL
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Fig. 1
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and 8 18 the slope of the medlan plane in the axial direction,

l.e.:

2.2 g == %g

The differential equations are ([1] p. 16):

2.3 L{g) + f S + ¥(s)

i

18 = 2

2.4 L(S} + £,8 = Ay0

i

vhere the differential operator L 1s of second order:

]
LH
2.5 L{y) = b cote{sU + (1 + 38 L)' - g]

The apostrophe represents differentlatlion with respect to s.
The other quantities appearing in the differential equations

are defined as follows:

) ]
2.6 £ = svh coty

where v ig Polsgson’s ratio;



' n
2.7 £, =[(2 +v)h + 2sn } cote

,. = 1201 - V)
1= E

[

2.8

where B 1s the modulus of elasticity,

2.9 12="‘E
and
12(1 - v2) F(s)
2.10 F(s) = o 75—
h™ cote
where ([17 p. &4):
8
Flag) = - rsN sing + 8 Q cosm' =Lf Z cosey 8ds
e ) J "
0

2,11

- rst sing + 8Q cosmi
- " §=8
0

and 2 18 a dlstributed locad normal to the middle surface of
the shell and acting over the whole surfeace, and Q% is a shear
force per unit length acting normal to the middle’aurface of
the shell {sze Fig.2)

The differentlal equations for the base may be written

ag follows [27:
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2.12 (z')  +28" + (W -2 o (a)t)s = alr)
b od
1"
2.13 r2¢ + (1 - %-t')r¢' +—(%§t' - 1)y =0

whaere the apostrophe reprzsents differentiestion with respect
to r (the radial distance from the center of the plate),
t{r) 1s the thilckness of the plate, D = E(t(r))3/12(1 - vg),
vi{r) 18 the transverse deflection of the plate, or(r) is the
membrane gtress in the plate, g 1s a uniformiy distributed

load acting transversely upon the plate, and

2,14 Qr) = %

2,15 1) - o (a)e(r)
and

av
2.16 % = aF

Coordinate system, geometry, and variables are shown in Plig., 3.

For the case of the bending of two joined cones the dif-
ferentlal equation for each cone 1s given by corresponding sets
of equations 2,3 and 2.4 along with definitions 2.5, 2.6,

2.7, 2.8, 2,9, 2.10 and 2,11,
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Fig., 3

DIAMETRAL SECTION OF BASE-PLATE
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IIT, DBOUNDARY AND JUNCTION CONDITIONS

For the cone wlth sttached base-plate the boundary con-

ditions at the free end of the cone are

3.1 Mm = M
at open end of cone
3.2 eym = g

and at the center of the base-plate arve

3.3 § =0
3.4 g =1

at center of base-plate

where M»6 is moment per unit length and e is the strain of

ynm

the middle surface of the cone in the y direction {circum-
ferentially).

In terms of the variables of 2.3 and 2.4 the boundsry
conditions 3.1 and 3.2 may be written

3
3.5 B~ (¢ + ) =M
12{(1 - V)
at open end of cone
3.6 hizh' - ¥js + nPs' < ¢

At the Junction of the cone and the basze plate the follou-

ing conditions may be prescribed
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N
3.7 'ort =V
3.8 Mp = M.n
r at the Junction of the
3.9 -3 = @ cone and base-plate
.10 =
3.1 ep eym y

where Mp and e. are respectively the moment per unit length

p
and the strain along the circumference of the base-plate.
In terms of the varilables of 2.3, 2.4, 2,12 and 2,13 the

Junctlion conditions can be written

2
- h™S N
301 f =P tem - gogsy
3.12 Et3 rs! + = Eh3 (3' + _\_)_e) %gogugg~
* 2 r 2y 8 cone and
12{(1 - V) 12(1 - v°) bage -
' } plate
3.13 - % =0
1 ¢ Voy ' wh 2!
W

where P = Q = %?

For the case of the Jjolned cones the conditions at the

free ends are




W
Q’::
i
it
=

ol 1
3.16 Mo =M,
3.17 €yml = 3
3.18 Come = €2

and at the joined ends ave ({13, p. 20)

o 2

- t h= 241 ¢t . h '

9 s + 128" = Teenn' - vB) 8 + vfs

3,19 [(zhh vi )S + %S ]1 [(gnn vi) S +n A
3-20 91 = 92
- Bt o] - [t 0]

12(1 - r°) ] 12{1 - v°) 87y

o 2,
. n°s | hes

3.22 (Ptony - mogg)y = (B tamw - gg&aple

where the subgcripts 1 and 2 refer to vespective jolned cones.




IV, FINITE DIFFERENCE SCHEME

We will approximate the differential equations for the

cone at equally spaced net points S,s 815 Bps —=~~=, By where
141 = By = 88

We will approximate the differentlal eguatlions for the base
plate by equally spaced net points Tos Py Tps === rJ where

g4y = Ty = AF

We will append a subscript to each variable to designate its
correspondling approxiﬁation at a point. For example, S(si)

= Sy, &(rJ) = @J, and similarly for the remaining variables.
Derivatives will be obtalned by a Taylor's series expansion

about surrounding net points, neglecting terms O((Ae)e) and

of (ar)?).

The difference agpproximations for the cone equations are

4,1 L(ei) +Fp 8y =4y 8 + I«"‘i
L~ L(si) +Fpy S8, = Ay 8y
where
h, h
b < = ”l;m—{;l—‘usa‘um;:;-la:
- 11 -




h - h
y. L F., = r(z + v) 341 i-1

21 2A8
h - 2h, + h
+ (231) i-1 e i+lj cotm
‘ 2
(as)
a1 - VB 8 (N,), sinm
4,5 F, = o T Z cosw 8AB - B r 2
! 8=8 ho cotm
(Q ) cosm..
2 J
ho cotm

and the difference approximation for the differentlal operator

is
6 r 1] hi ]
4, L(Uy) = hy cotm [8, Uy + (1 + 38, H;—)Ui - ]
The first and second derivatives are approximated as usual
by
Ve q -V
? 4
4.7 vi = 1+1 1-1 +O((t\8)2)
28
and
# v -V, +V
4.8 v, =22 Lo A4 o((ae)?)
(18)°

Substituting 4.7 and 4.8 in 4.6 gives

S

L(U;) = hy cots r{zmmyﬁ- ( + 38 (hyyy - hial)
~*(ae

Py 255 )Y1.1

- 12 -
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2s,

4.9 N NS . +<~m Uy
.\. (AS)é }
38y(hyyy - By 400 3 4 4
+ { (As = + (1 + ™ ) X }U1+1j

The difference approximations for the bease-plate equations

anrne
4 s a2, -2 t,)8, =
.10 (D,8,)" + Fy (FE\DJ - ;ig-w (o) 6408, = @
" » v
4.11 rJ2 ¥y ot (1 - Eﬁﬁjv)rjwj' + (uff tJg - 1)'!1J = 0
where
E 3
4,12 D, = J_.
J 1201 - vF)
Substituting 4.7 and 4,8 in 4,10 and 4,11 gives
D D
j , J + ) @
{ (EAr)gi (sr)2 QrJAr} d+1
D - D D 2D
v _Jil J-1 _ 73 _ I T
4,13 +{rj o > o (a)t, m)‘?} b

- 13 -
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SO N - N IO N WA
(2ar)? " (ar)? T FE L
and
Do et T
{(Ar) B 78 ey /52 B L
« VI J+1 5-1 _fg?
hak o+ P ]- )2} ¥
ry ote,, -ty X
{ =a - Ei'r P t™) okt 4y =0

For the case of the coné with attached base-plate we first
Investligate the difference approximations of the differential

‘equaﬁions at their boundarlies and Junction, l.e., where 1 = 0

and I, and where J = O and J,

For the cone when 1 = 0 the variables B_qs © 64 and

o,

S, oceur in equation 4.1 and the varlables S_ys Sgs 8, and 0

O,
occur in equation 4.2, These two relations, l.e., 4.1 and 4,2

when 1 = 0, will be denoted

1%".15 Hi(e__li eo.o 81: SO) = kl
and
4,16 Ha(sml, Sos 545 90) = Ky

For the base-plate when J = J the variables 5510 835

- 14 -
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5341 OCcur in equation 4,10 and the variables 5.0 Y30 Uy

occur in equation 4.11. These two relations, i.e., 4.10 and

4,11 when J = J, wlll be denoted

4,17 'H3(‘3’Jm1: Bys QJ'#'l) = 1{3
and
4.18 Hy(4g00 Y0 tga) = Ky

In 4,15 and 4.16 the variables 6_y and S_; are locabed
outslide the Junctlion of the cone and base-plate; similarly in
4,17 snd 4,18 the variables 8741 @04 Vg4 are.loeated outside
the Junction of the cone and base-plate., These four variables
can be elliminated by means of the Junction conditions 3.12 and

3.14 which in difference form for 1 = 0, J = J are

3
t -
4,19 ™ o T 09y vy
12(1 - v2) 24r a“J
3
E h, 8, = 84 v
= 2y tg 8)
12{1 - v°) . 2as o
Ve " Vyq  hy -h. vh S, =8
420 Lot v 1 =Py 0 2 P17 e
° v _ 49 = h S (2 - }) +h S
UJ oAT | a8 'J (o o] 278 So (o} 2p8

Solving 4.15 and 4.16 for 6_; and S_; and substltuting in the
right hand side of 4,19 and 4,20 resgpectively and solving 4,17
and 4.18 for 55, and §;,; and substituting in the left-hand side

of 4,19 and 4,20 respectively gilves two equations in the

- 15 -
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varlables 8,0 615 §J, ®y_q and So’ Sl’ bgs ¥g_1- These
equations will be denoted

&.22 H6(SO’ Sl, WJ’ $J»l) = k6

We next elimlnate ¢, and S from 4,21 and 4.22 by means of the
remaining junction conditions 3.11 and 3.13. In finite differ-

ence form for 1 = 0, J = J these Junction conditlons become

2

y h* s
4.23 2 =P tang - g2
o v

Solving 4,23 and 4.24 for S, and @, respectively and substitu-
ting in 4.22 and 4.21 respectively gilves two equations in the

variables 8ys ﬁle, 6J and Sl’ *J—l’ $J» These equations may

be denoted
hes  Hy(45, 855, 8) =k
4.26 Hg(‘i‘g: AT S]_) = kg

Now we turn to the boundary conditions. Setting 1 = I in

equations 4.1 and 4.2 gives two equations which we denote as

- 16 -
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4.28 Hyo(81_15 Sps Sp43s 87) = Kyg

The outside points 8141 and SI+1 can be eliminated by means of
the boundary conditions 3.5 and 3.6. In difference form when

i = I these conditions are

E h.> ) -8
+ -
4.29 I (I I, ¥ o) =
12( 1 - v°) 248 I
h - h vh s - 8.,
4,30 n(e-3 Tl ZLyg o ® (2T L
2A8 I 248

Solving 4.29 for 0741 and 4,31 for SI+1 and substituting in
4,27 and 4.28 respectively gives two equations which we will

denote asg
4.32 Hyp(8gs Spqs 8p) = kgp

Inasmuch as the conditions 3.3 and 3.4 at the center of
the plate are given in terms of the functions rather than
their derivatives, the correspc@ding finlte difference equa-
tions for the base-plate diffefential equations are wrltten

for J =1, The equations may be denoted

- 17 -
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4,33 H13(¢0, &, 8) = k)3
4-314 H14($03 ‘91: ‘52) = klj_;
The boundary conditions 3.3 and 3.4 in difference form are

4.35 8, =0

L, 36 Vo

]
j

Substituting 4.35 and 4.36 in 4.33 and 4,34 gives two equa-

tions which we will denote as

4.38 Hig(¥1s ¥2) = Kig

In 4,25, 4,26, 4,31, 4.32, 4,37, and 4.38 we have four
equations in the four boundary variables @1, Y10 BI; and SI’
and two equations In the two junction variables éJ, wJ.

We next obtain 2(I - 1) + 2(J - 2) equations at interior
points by evaluating 4.1 and 4,2 at 1 =1, 2, - = - «, I-1
and 4,10 and 4.11 at J = 2,3, - - - -, J-1,

When evaluating 4.1 and 4.2 at 1 = 1 we bring in 8,
and So' In order thet all points lying on the Junction satisfy
the Junctlon conditions, these terms must be eliminated through
4.2l and 4,23 as was done 1n the case of 4.21 and 4.22. Thus

for L = 1 we can denote 4.1 and 4.2 as

- 38 -
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4. 40 Hls(sl, 855 Vg5 91) = kqg

The remaining 2(I - 2) equations for the cone may be denoted

4.41 11 1 = 2’3, - - “", I"‘2

G300y 75 835 85495 83) =

L, 42

1

Gy (8y 30 S35 Sy4g0 03) =Ky 1=23, - - - -, I2

At the interior points of the base plate the 2{J - 2)
equations 4,10 and 4,11 may be denoted

L. 43 G3J(§J-—1’ §J, 55.{.1) = k3J J=2,3, - == ~, J-1

b4y Guj(\%_lﬁ $J’ '{"J'*'l) = k[m J 2,3, = =~ = =5 J-1

We now investigate the difference approximations for the
Joined cones at thelr boundaries and junction., At the junc-
tion, cone 1 has its Iph net point and cone 2 has its Oth
net point. Substituting 1 = 0 and 4 = I in 4.1 and 4.2 gives

four relations which we will denote

|
=

4.46 Ko(8_45 85 84, 85) =

- 19 -
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L. 47 KB(BI.‘]_) QI: 9I+1’ SI) = h3

In these four equations we have 8 _,, S-l"91+1’ and SI+1 which
lie outside the Junction. These four variables can be elimi-
nated by means of Junction conditions 3.19 and 3.21 which 1n

difference form are

4.9 Mmos.et =M YPr o 2 P - %1y
y T S | 8 I . J
258 I 248 1
.~ hy -h vh -8
=M s, (2 2—2 - 9 +n? (-—2)]
248 o) 248 2
3
r =l 0141 = 82-1 , v, M
4.50 z * 5 o)
-12(1 - Vv°) 278 I 1
3
I s S Sl SN
) 2)_ A8 B, O 12

“12(1 - v

Solving 4.46 and 4,48 for S_, and SI+1 respectively and sub-
gtituting in 4,49 gives one equation in the varlables Sg9
S1s B4 S1_1» SI’ and 6. Solving 4.45 and 4,47 for 0.1

and ) respectively and substituting in 4.50 gives one equa-

tion in the varlables 05 O1> So’ 91-1"91’ and SI‘ These

- 20 -
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two equations may be denoted
4,51 KB(SO, S15 645 Sy 15 Sy, ex) = h5
h.52 Kg(B,s 815 8,5 07 75 91; S;) = hg
We next replace eo by GI through Jjunctlon condition 3.20 and

we replace SO by SI through Junction condition 3.22. Equa-
tions 4,51 and 4,52 then become

4.53 K8y, Spy. Spoep) =iy

4.54 Ka(el, BI_l, 93-, SI) = h8

At the free end of cone 1 we may denote equations 4.1

and 4.2 in finite difference form as

4,55 . K9(9~19 90: 91: So) = h9

4,56 Klo(s-l’ Sgs Sqs eo) = hy,

Boundary conditions 3.15 and 3.17 in finite difference form

are
=
Eh < B, - §
o 1.
4. 57 e { i -1 . ;’ eo) =M
12{1 - v} 2as o :
h, - h vh S, -8
: 1 -1 0 2 /M1 T YA
4,58 h_ (2 - 18 4+ h € [ttt =
° 2A8 8, 70 o 248 ) °1
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Solving 4.57 and 4,58 for 6_5 and 8_; respectively and sub-
stituting in 4.55 and 4.56 gives 2 equations which we will

denote
4459 Kll(eo, 91’ So) = hll
k.60 K185 815 8,) = byp

At the free end of cone 2 we have two equations (see

4,31 and 4,32) which we may denote

4,61 KlB(eI, By 19 SI) = h13

4,62 Klu(sl’ SI~1’ GI) = hyy

In 4,53, 4.54, 4,59, 4,60, 4.61, and 4,62 we have four
equations in the four boundary varlables 8o and So of cone 1
and GI and SI of conz 2 and we have two equationg in the two
Junction varisbles ey and S; of cone 1. e next obtain 2(I - 1)
equations at the interior points of cone 1 and 2(1 - 2) equa-
tions at the interilor points of cone 2., When evaluating 4.1
and 4.2 at 1 = 1 we bring in, as mentioned previously, 6,
and So' In the case of cone 1, however, we already have equa-~
tions in ¢, and So(i.e., 4,59 and 4,60) and therefore the

equations at interior points may be denoted
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4.63 Fli(ei°‘1, 91, 61+1, Si) = hli 1= 112: - = I"l
4.64 Foy(85 15 845 84495 04) =hpy 1= 1,2, - -, I-1

In the case of cone 2 we ellminate 90 and So through Jjunction
conditions 3.20 and 3,22 to glve

4.65 Py1(83s 015 8ps 83) = hyy

4,66 Fre(0g 95 845 83495 83) =hy, 1=2,3, - 4 I-1
4,67 FSl(SI, S1s 8o, 89) = hgy

4.68 Pey(Sy 30 840 Syyqs 04) =hgy 1=2,3, - -, I-1

V., METHOD OF SOLUTION OF THE DIFFERENCE EQUATIONS
We can see the form of the difference equations for the
cone and base-plate equations 1f we define the following

matrices

0y Sy
Ap Sp
g = - S = -
61 q,l
&2 ¢2
5 = : ‘¥= -
{'J ‘”J

- 23 -




The equatlions of the previous sectlon can thus be written in

the form

\n
pud
=3
@ e Do
H]
o}

The matrices A and R can be formed from equations U.25, 4,26,
4,31, 4.32, 4,37, 4,38, 4,39, 4,40, 4,41, 4,42, 4,43, and
L4k, The matrix A is symmetric and its diagonal matrices
are tri-diagonal; the disposition of its elements is shouwn
on page 27 . The equations corresponding to the elements of
each row are glven to the left of the matrix. An astérish
Indicates non-zero constant coefficlents and n indicates the
presence of the non-linear term due to the coupling introduced
by 2.15. The matrices Ajqs Ayps Bpy, Ay, are square with I
rows and columnsg; the matrices A33 and.AAQ are square with
¢ rouws and columns. The remalnlng matrlces are rectangular
with I by J and J by I rows and columnsg.

The solution of the set of equations 5,1 could be ob-
tained easlly if 1¢ were not for the non~linearity. Hence

we consider an iterative solution which assumes that Gr(a)

in 2,15 18 known. If we let the superscript n deslgnate the
nth iteration, we proceed as follows: 1) choose the iniltial
or(a) as (Gr)o’ 2) solve the linear system and calculate a
new value for or(a) from 2.15 using‘ﬁ(a), 3) use the new value
of or(a) to calculate a new value of y(a), U4) repeat the

shove process untll deslred eonvergence is obtalned,

- 24 .




We would expect this iterative scheme to converge be-
cansge or,(a)@J 18 relatively small. If the scheme does not
converge, some linear extrapolation or iInterpotation between.
succegive lterations may produce convergence., We leave this

questlon to a future investigation.

Finally we need only give a practical m2thod of solving
the linear equations that arise in the iterative scheme.
Since the dlagonal mabrices are tri-diagonal, we can use the.
method of feactoring the matrix into a lower and upper matrix.
This factorizatlion requlres the inversion of the All’ A22’
A33, and A;,. The resulting equations can he easily solved

using a digital computer [3].

In the case of the Jolned cones we define the following

matrices

(91)0 (SI)O
(014 | (8104
o I
(91)11 (Sl)ll
| i . i
(60); (8,)
(0)p (8)2
(e-) S.
2’1, ( 2)12
b . . pu
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The appropriate equationé can then be written

-t
fi
3

The matrices B and T can be formed from equations 4,53,
L.s4, 5,49, 4,60, 4,61, 4,62, 4,63, 4,64, 4 65, 4,66, 4,67,
and 4,68, The matrix B is symmetric and its diagonal matri-
ces are tirl-dlagonal; the dlsposition of elements 1s shown on
page 28, The equations corresponding to the elements of
each row are given to the left of the matrix, An asterlsk
indicates non-zero constant coefficients. Since all equations
are linear their solution can be carried out by a single
" application of the method described previously for an itera-

tive cycle.

- 26 -




4. 4o

4, he

4,32
L,37

L. 25
4,38

4 hh

L 26

S

R R AX ES LA

ER O AN AIAREA LS Ry SURTRRIEDE R DO RN R IR R

{J0 S N B

D
=

o o
fO

{200 T S T DO N |

w2
N H

1
[}
o .
£ %® ¥
*38 +*
L7323 %
L2 X3
L 223
L 25
n L ]
2. *4%
ey R
% L 22
*
#*
%
. -]
n*
1l
%nﬁ-
*'n*
L3
o n"
¥* %
%%
L34
*
o [

PR T T T B B B |

YT

[ S T S S S A |

17

11

19
ki3

K18

21

20
12

15

33

K16

kﬂj

-
ey

-27-

[}
1




s
1
i

e . e
¥ % *
L2 200 ¥
L. 2-T 3 L3
X¥$ 3#*
L 2.2 B 2
L Ld
¥ LA
% L2
* %%
% %
& PRE
K 2 R %
+* L 23 9%
$4ed %
L2~ 3%
#3e3% &
®3 #
9 ®
'S % 45K
% L o R
% f i g
% Lo
K e
3 HE
L7 © haiaan™

-28-

P
S TS T PO B S~ XK >
=
S
O

!

s~
faa]
fagsd
S
ha !

=
&

i

ain

[
=

)

LS S I A |

-
=

-t
fots

= -

o

L

63
Ll




P R A R e R R Al R Lt

Gerneral Techwmology Courporation
BIBLIOGRAPHY

Pan, Huo-Hsi, "Stress Analysis of Conical Shells
with Linearly Varying Wall Thickness," GTC TR 1-21,
September, 1964,

Pan, Huo-Hsi, "On the Cone Base-Plate Problem,"
GTC TN 1-5 (Unpublished), June, 1964,

Schechter, Samuel, "Quasi Tri-Diagonal Matrices and

Type Insensitive Differential Equations," AEC Report
NYO 2542, May 1959.

- 29 -




